We provide a detailed quantitative description of singular inflation. Its close analogy with finitetime future singularity which is associated to dark energy era is described. Calling and classifying the singularities of such inflation as finite-time cosmological singularities we investigate their occurrence, with special emphasis on the Type IV singularity. The study is performed in the context of a general non-canonical scalar-tensor theory. In addition, the impact of finite time singularities on the slowroll parameters is also investigated. Particularly, we study three cases, in which the singularity occurs during the inflationary era, at the end, and also we study the case that the singularity occurs much more later than inflation ends. Using the obtained slow-roll parameters, for each case, we calculate explicitly the spectral index of primordial curvature perturbations ns, the associated running of the spectral index as and of the scalar-to-tensor ratio r and compare the resulting values to the Planck and BICEP2 data. As we demonstrate, in some cases corresponding to the Type IV singularity, there might be the possibility of agreement with the observational data, when the singularity occurs at the end, or after inflation. However, absolute concordance of all observational indices is not achieved. On the contrary, if the singularity occurs during the inflationary era, this is catastrophic for the theory, since the observational indices become divergent. We also show how a Type IV singularity may be consistently accommodated in the Universe's late time evolution, and we study the behavior of the effective equation of state. In addition, we investigate when inflation ends classically, in the context of our scalar-tensor model. Finally, we investigate which F (R) gravity can generate the Type IV singularity, with special emphasis on the behavior near the finite time singularity.
Introduction
The appearance of singularities in classical cosmology is an inevitable inherent feature that almost all the theoretical descriptions carry along. In the Einstein-Hilbert description of local gravity effects, singularities are hidden behind the horizons of black holes, so the appearance of cosmological singularities at a large scale is rendered a rather unwanted feature of classical cosmological theories. Therefore, one of the most important quests in current cosmological research is to fully understand the presence of singularities, either these appear in the far past or in the far future. In the former case, the singularity is usually called the initial singularity, and a very fundamental question is posed, that is, whether the Universe really started in a singular state and continued its evolution entering an inflationary era [1] , or whether the Universe is described by some sort of a bounce [2] , in which case there is no initial singularity. The initial singularity is one point in spacetime at which spacetime is geodesically incomplete. This type of singularities is perfectly described by the Hawking-Penrose singularity theorems, given some time ago [3] . The geodesic incompleteness is practically ensured by the existence of time-like and null geodesics that cannot be extended to arbitrary values of their parameters. This constraint is equivalent to the general and stringent requirements of the Hawking-Penrose theorems, which are epitomized by the strong energy condition R µν K µ K ν ≥ 0, for every non-space-like vector K µ , and also from the non existence of closed time-like curves. In addition, on these spacetime singularities, some of the curvature invariants diverge. However, sudden and Type II singularities that occur at a finite future time, can be quite milder from the initial spacetime singularity, in the sense that these are points at which it is possible that some observable quantities (for example the Hubble rate or its higher derivatives) might become unbounded at some finite time, but this does not necessarily implies geodesic incompleteness. This type of singularities was studied by Barrow [4] some time ago, and further developed in [5] [6] [7] [8] . According to Barrow's description of the sudden singularities, at these singularities the strong energy and weak energy condition are satisfied, contraction is not required and the scale factor, along with its first derivative are finite. However, the second derivative of the scale factor and the pressure blow up at the finite time which these singularities correspond to. In addition, there exist sudden singularities of generalized type, at which the singular behavior occurs for higher derivatives of the scale factor. In principle, although that sudden singularities are scalar polynomial curvature singularities, these are much weaker than the Big Rip singularities, since geodesics are extendible through these points. In addition, these are not singularities of the crushing type, such as the Big Rip singularity [9, 10] .
Another consistent and important classification of future cosmological singularities, in which the value of observable quantities is taken into account, was given in [9] . These singularities occur frequently in the context of modified gravity theories [11] . According to this classification, the observable quantities that are taken into account are the scale factor, the effective energy density, the effective pressure, the Hubble rate and its higher derivatives. It is obvious that some singularities of this type may not necessarily lead to geodesic incompleteness, thus can, in principle, be milder in some sense from the Universe's initial singularity. The initial singularity and perhaps the Big Rip singularity are crushing singularities, in the following sense: at some time during the evolution, each point that lies on the spacelike three dimensional hypersurface t = const corresponds to a unique geodesic curve. Loosely speaking, these geodesic world lines form a congruence of geodesics that if these diverge in the past, or converge in the future to a unique point, then this point is essentially a singularity where the geodesic incompleteness occurs.
Recently in Ref. [8] , Barrow and Graham studied a large family of finite-time cosmological singularities for a canonical scalar field with a power-law potential. Using a thorough qualitative analysis, they demonstrated that these weak finite-time singularities are an inherent feature of cosmological models with similar matter content. In addition, for appropriate initial conditions these models can describe large field inflation, with the difference that the physical system evolves to a singular state when inflation ends. Motivated by this work, we provide a detailed quantitative description of the singular inflation analysis, and classify the singularities found in [8] , according to the cosmological singularities classification given in [4] [5] [6] 8] . As we shall demonstrate, there is some difference in our analysis, in comparison to the one presented in [8] , traced in the case at which higher derivatives of the Hubble rate are taken into account. This feature characterizes the Type IV singularities, according to the finite time cosmological singularities classification given in [9] . More importantly, as we explicitly show, the existence of a Type IV singularity in an inflationary model can have dramatic effects on the slow-roll inflation parameters, rendering them singular at finite time, if the singularity occurs during inflation. We have to note that it is possible the slow-roll inflation does not work near the Type IV singularity. Indeed, the corresponding approximation may be broken especially, if the singularity occurs during inflation. Moreover, if inflation ends exactly at a Type IV singularity, this can be compatible with current observation data, and interestingly enough, after the Type IV singularity, the Universe is accelerated in a quintessential way. In addition, we study the evolution of the effective equation of state as a function of cosmic time and we also address the question when inflation ends, providing a detailed quantitative analysis. With regards to the question when inflation ends, we found a particularly interesting solution which occurs in the case of a Type IV singularity, according to the finite time cosmological singularities classification provided in [9] . As we show, there appears the physically appealing picture that, if certain requirements are met, inflation ends, classically at least, at a non-singular state at a time t e , before the Type IV singularity occurs, and the Type IV singularity is reached in a future time, t s , with t s ≫ t e . Thus in a Universe that evolves in time with a Hubble rate that has a Type IV singularity, inflation can end in a non-singular state.
In the study of future Universe after ΛCDM-like epoch, the finite-time future singularities that may occur, are classified according to Ref. [9] . However, most attention was given to Type I (Big Rip) future singularity (for incomplete list of references on that, see Refs. [10, 12] ) or Type II singularity, commonly known as a sudden future singularity (for an incomplete list of references on that, see Ref. [7] ). These future singularities may occur for phantom, or quintessence-like, dark energy Universe, even if currently it shows nearly ΛCDM-like evolution. As the classification of these singularities is applied to accelerating dark energy Universe, it is evident that it may be applied in the same sense to the classification of singularities after singular inflation. Hence, in this paper we adopt just the same notations for all four types of singularities, even after inflation. Of course, one should bear in mind that it is not physically the same as future singularities after ΛCDM epoch, because finite-time singularity may occur prior to dark energy epoch or after current dark energy epoch. In addition, it may also occur after dark energy epoch. In this respect, we shall focus on the Type IV future singularity, because it is expected that Universe may survive after passing through such singularity smoothly, since it is not a crushing type of singularity. Thereby, it could be possible that between (singular perhaps) inflation and the ΛCDM epoch, the Universe passed through type IV singularity. Furthermore, for unified inflation-dark energy models of the sort introduced in Ref. [13] , we may get the following really physical appealing possibility. The future singularity of Type II, III or IV, may occur just because of the epoch of singular inflation, so that dark energy era could be de Sitter-like or pure ΛCDM. In other words, the future singularity may be predicted by only the study of unified inflation-dark energy cosmology, like in the examples of Ref. [13] . However, by studying only the dark energy epoch, one discovers that it is ΛCDM-like and therefore, the future universe is regular. Thereby, based only on the analysis of dark energy epoch, one may arrive to wrong conclusions about the future universe. We shall exemplify a scenario like this in a section, later on in this paper.
Finally, owing to the fact that the finite time cosmological singularities classified according to Refs. [9] , frequently occur in the context of modified gravity, we investigate which F (R) gravity can generate the Type IV singularity, providing the exact form of the F (R) gravity near the Type IV singularity. As is expected, the resulting F (R) gravity is approximately of polynomial type near the singularity, which can be fine-tuned to be of the Einstein-Hilbert form gravity plus curvature corrections. This paper is organized as follows: In section I, we quantify Barrow's singular inflation description, in the context of scalar-tensor gravity, by using very well known scalar-tensor reconstruction techniques [13, 14] . Using very general arguments, we thoroughly describe all the singularity types that can occur in these theories, and we exemplify our results using illustrative examples. In addition, we investigate the effects of a singularity in the slow-roll inflation parameters and also study the behavior of the effective equation of state parameter as a function of the cosmic time. Moreover, the question when inflation classically ends is addressed too. In section II, we investigate a physically appealing scenario, according to which, in the end of inflation, the Universe experiences a Type IV singularity and in addition the dark energy era is quintessential or approximately de Sitter and at finite time after the dark energy era, the Universe experiences again a Type IV singularity. In section III we investigate which F (R) gravity can realize the Type IV singularity, which proves to be the most relevant type of singularities. We address this issue using qualitative arguments and we quantify our study by using very well known reconstruction techniques, in order to find the F (R) gravity near the Type IV singularity. In section IV we briefly investigate the impact of the finite time singularities on the long-wavelength scalar perturbation modes, with special emphasis in the Type IV singularity. In section V we discuss the graceful exit problem and this is affected by the presence of finite time singularities. Our conclusions along with a brief critical discussion, follow in the end of paper.
I. SCALAR-TENSOR GRAVITY ANALYSIS
In this section we shall provide a quantitative analysis of the singular inflation physics and its consequences on observable data, in the context of a general scalar-tensor gravity theory containing one scalar field. For related studies, the reader is referred to Refs. [9, 15] .
We start off our analysis by recalling how the finite time cosmological singularities are classified according to Refs. [9] . For a detailed presentation of these issues consult also [16] . As was shown in Ref. [9, 15] , the finite-time future singularities are classified as follows,
• Type I ("Big Rip") : When t → t s , the scale factor diverges a, the effective energy density ρ eff , the effective pressure p eff diverge, a → ∞, ρ eff → ∞, and |p eff | → ∞. This type of singularity was presented in Ref. [10] and studied in Ref. [9] .
• Type II ("sudden") [7] : When t → t s , the scale factor and the effective energy density is finite, a → a s , ρ eff → ρ s but the effective pressure diverges |p eff | → ∞.
• Type III : When t → t s , the scale factor is finite, a → a s but the effective energy density and the effective pressure diverge, ρ eff → ∞, |p eff | → ∞.
• Type IV : For t → t s , the scale factor, the effective energy density, and the effective pressure are finite, that is, a → a s , ρ eff → ρ s , |p eff | → p s , but the higher derivatives of the Hubble rate H ≡ȧ/a diverge.
The Type III and Type IV singularities were extensively studied in Ref. [9] . Notice that, the effective energy density ρ eff and the effective pressure p eff are defined in the following way,
In Ref. [8] , a scalar field model realizing inflation with a Type IV singularity has been proposed. In this section, by using the general formulation of the scalar reconstruction of Refs. [13, 14] , we construct general scalar-tensor models that realize Type II and IV singularities. We consider the following non-canonical scalar-tensor action, which describes a general single scalar field model,
The function ω(φ) is called the kinetic function, V (φ) is the scalar potential, and both are assumed to be functions of the scalar field φ. In addition, we assume a flat Friedmann Robertson Walker (FRW) metric of the form,
The function ω(φ) in Eq. (2) is irrelevant and we can therefore absorb this function by redefining the scalar field φ, in the following way,
where we assumed that ω(φ) > 0. Then the kinetic term of the scalar field in the action (2) is rewritten as,
It is convenient for later purposes, if we keep ω(φ), although we can absorb ω(φ) into the redefinition of the scalar field. In the case that ω(φ) < 0, the scalar field becomes ghost corresponding to phantom dark energy and in this case, instead of (4), by using the redefinition,
we find that,
instead of the expression given in Eq. (5) . In the case that the scalar field is a ghost field, the energy density becomes unbounded from below in the classical theory, but in the quantum theory, the energy becomes always bounded from below, with the cost that there appears a negative norm. From the action of Eq. (2), we obtain the following expressions of the energy density and the pressure :
Therefore, the scalar potential V (φ) and the parameter ω(φ) can be written in terms of the Hubble rate and its derivatives as follows,
Consider the following solution,
If we assume that ω(φ) and V (φ) are given by using the single function f (φ), as follows,
we find that the solution (10) is indeed a solution of the FRW equations of the system. It can be easily verified that the equation which results by the variation of the action, with respect to φ, namely,
is also satisfied by the solution (10) . In effect, the arbitrary Universe's evolution, expressed by H(t) = f (t), can be realized by an appropriate choice of ω(φ) and V (φ). In other words, by defining the particular type of the Universe's evolution, the corresponding scalar-Einstein gravity may be found. In the case of the Type II and IV singularities, the Hubble rate H(t) may be chosen in the following form:
Here f 1 (t) and f 2 (t) are smooth (differentiable) functions of t and α is a constant. If 0 < α < 1, there appears Type II singularity and if α is larger than 1 and not integer, there appears Type IV singularity. When α is given by two integers n and m by
we can consider the region where t > t s . Then, by using (11), we find
which determine a general model which generates the Type IV singularity when α > 1. When t = φ ∼ t s , if α > 1, the expression of ω(φ) in (15) gives
Hence, although the scalar field is canonical if f ′ 1 (t s ) < 0, the scalar field becomes ghost, corresponding to the phantom dark energy if f ′ 1 (t s ) > 0. In other words, the Type IV singularity is realized not only in the case that the scalar field is canonical, but also the singularity can be realized even in the phantom phase, where the phantom dark energy dominates.
We first consider the simple case that f 1 (t) = 0 and f 2 (t) = f 0 with a positive constant f 0 . In the neighborhood of t = t s , we find that,
and by using (4), we find
Consequently, the scalar potential reads,
Therefore, when the following condition holds true,
there occurs the Type II singularity. Accordingly, the Type IV singularity occurs when the following holds true,
The above results seem to be a little bit different from those appearing in [8] . As was qualitatively shown in [8] , the potential is of the form V (ϕ) ∼ ϕ n and therefore we may identify,
In the claim of [8] , when 1 > n > 0, the Type IV singularity could occur, in which caseḦ diverges, and when k + 1 > n > k, the k-th derivative of H, that is H (k+2) , diverges. Then the Type IV singularity should occur, even if n > 2, which is in conflict with Eq. (21) . In the qualitative analysis of [8] , it has been assumed thatφ = 0 at t = t s when 3 > α > 2, that is,Ḧ is finite, but H (3) diverges at t = t s , but as we can find from (18) ,φ behaves aṡ
and thereforeφ vanishes at t = t s . This shows that the arguments in [8] might not apply in our case, and specifically when 3 > α > 2 or equivalently n > 2. In addition, the Type IV singularity does not occur when n > 2.
We should note that in Eq. (13),
• α < −1 corresponds to the Type I singularity.
• −1 < α < 0 corresponds to Type III singularity.
• 0 < α < 1 corresponds to Type II singularity.
• α > 1 corresponds to Type IV singularity.
In the case that f 1 (t) = 0 and f 2 (t) = f 0 , we have assumed that f 0 should be a positive constant in order for the Hubble rate H given in Eq. (13) to be positive. Then in the case that α is negative, which corresponds to the Type I and II singularities, ω(φ) in Eq. (17) and therefore the scalar field becomes ghost corresponding to a phantom era. In the case that α is positive, which corresponds to the Type II and IV singularities, the potential V (ϕ) in (17) becomes unbounded from below, but the expression in (17) is only valid at t ∼ t s and the full expression in (15) gives,
which is bounded from below if α > 1. Even if α < 1, by choosing f 1 (φ) and f 2 (φ) properly, we can make V (ϕ) bounded from below and even to be positive semi-definite. In the case that f 1 (t) = 0 and f 2 (t) = f 0 , the expression n =
α+1 implies that, • n > 2 corresponds to the Type I singularity.
• −2 < n < 1 corresponds to Type III singularity.
• n < −2 corresponds to Type II singularity.
• 1 < n < 2 corresponds to Type IV singularity.
Even in case that f 1 (t) = 0 and f 2 (t) = f 0 , with f 0 a positive constant, in Eq. (17), the slow-roll inflation could occur, and at the end of the inflationary era there could occur the Type IV singularity. We shall elaborate on this further later on in this section.
We may consider more general models, by choosing a more general form for the arbitrary functions f 1 (t) and f 2 (t). In this way, we can realize almost all kind of the cosmologies possessing a Type IV singularity at t = t s . For example, if we choose,
or more generally,
the Universe becomes a de Sitter spacetime, with the Hubble rate H becoming a constant, that is, H ∼ f1 t0 in the early Universe. In addition, H behaves as H ∼ f1 t at late time, although the Type IV singularity appears at t = t s . If we choose f 2 small enough, the second term (13) can always be neglected, only if we consider the development in the expansion of the Universe. This argument is quite general, because we can always choose the second term to be small enough, compared to the first term in (13) . Therefore, the Type IV singularity is not always relevant to the expansion history of the Universe. However, as we will now explicitly demonstrate, the Type IV singularity affects strongly the slow-roll parameters, if the singularity occurs during the inflationary era.
The slow-roll parameters ǫ, η and ξ by H can be expressed as follows [1, 17, 23] ,
We should note that the derivatives of V (φ) and ω(φ) diverge at φ = t = t s in general.
There could be three cases, 1. The Type IV singularity occurs during the inflationary era.
2. The inflationary era ends with the Type IV singularity.
3. The Type IV singularity occurs after the inflationary era.
We first consider the case 1, that is, the case in which the singularity occurs during inflation. Then, the above slow-roll parameters may diverge, which may be in conflict with the current observational data. In the same line of research, there are several cases, in which the aforementioned argument holds true, for example,
α−1 near the singularity as in (17). Therefore we
, and therefore all the slow-roll parameters diverge at t = t s .
• When f 1 (t s ) = 0 but f
All the parameters ǫ, η, and ξ 2 are finite for α > 4, and also when,
1 (t s ), and f (4) 1 (t s ) do not vanish. In this case, however, these parameters do not depend on f 2 (t s ) and its derivatives, and consequently the slow-roll parameters, do not depend on the singularity.
In all the above considerations, we have assumed that the Type IV singularity may occur during the inflationary era, as in case 1. We may, of course, as in case 2 or 3, consider models that the singularity could occur after the inflationary era. If there is any matter coupled with the higher derivative of the curvature, which includes the higher derivatives of H, the Type IV singularity may affect the matter content, but owing to the fact that such a coupling is not renormalizable, this could be relevant only at a very high energy region.
Let us now address in detail the remaining cases 2 or 3. We start off with case 2, in which case inflation is assumed to end at the time t f which is equal to t f = t s , with t s , which appears in the Hubble rate of Eq. (13), being the time at which the possible singularity may occur. We also assume that f 1 (t) = 0 and f 2 (t) = f 0 , so that the Hubble parameter and the corresponding scalar potential near the singularity t ∼ t s , are equal to,
It is worth working using the canonical scalar field ϕ, instead of φ, in order to make direct contact with the model of Ref. [8] . In terms of the canonical field ϕ, the scalar potential near the singularity is equal to,
with n given in Eq. (22), but we quote it again for simplicity,
In addition, V 0 in Eq. (28), is equal to,
In terms of n, the Hubble rate is written as follows,
We shall investigate the impact of the fact that t f = t s , on the inflation slow-roll parameters and consequently to the observational indices corresponding to inflation. The slow-roll parameters we shall study are the ones given in Eq. (26), which when defined in terms of the canonical scalar field ϕ are equal to,
with the prime this time denoting differentiation with respect to ϕ. It is worth to recall at this point how the slowroll parameters are derived for the case of a canonical scalar field. For a detailed account on these issues, consult Refs. [1, 17] . In general, the slow-roll condition relies upon the constraint,
and that this constraint holds true for an extended period of time. This condition ensures a long and finite acceleration era and it is known as the first slow-roll condition. In order for the first slow-roll condition to last over an extended period of time, a second condition must imposed,
which is known as the second slow-roll condition. In virtue of the equation of motion satisfied by the canonical scalar field in a flat FRW background, the condition (34) can be written as,
With the two slow-roll conditions holding true, the canonical scalar field equations for the scalar field reads,
while the FRW equations become,
It can be shown that the first and second slow-roll conditions, namely Eqs. (34) and (35), are equivalent to the following relations,
with the prime denoting differentiation with respect to the canonical scalar field. The above equations can be written as follows,
where ǫ and η are the slow-roll parameters,
Notice that the conditions (39) are actually the slow-roll conditions. The observational quantities we shall study are the spectral index of the primordial curvature fluctuations n s , the tensor-to-scalar ratio r, the associated running of the spectral index a s , which are defined in terms of the slow-roll parameters as follows [1, 17] ,
The latest Planck observational data [18] constrain the above observational quantities as follows,
and the BICEP2 [19] observations strongly indicate that,
Note that the Planck data are currently considered to be more reliable than the BICEP2 results. Finally, the values of the scalar field at the beginning and at the end of inflation, ϕ i and ϕ f correspondingly, are chosen is such a way so that the Lyth bound [20] is respected, so that,
when the BICEP2 results are taken into account, while consistency with the Planck data requires,
Practically, these requirements imply that the number of e-folds until inflation ends, is N ≃ 50 for the BICEP2 result, while for the Planck, N ≃ 60. Having all the above at hand, we can perform a full quantitative analysis of the observational implications that a Hubble rate and the corresponding scalar potential of the form given in Eq. (27) would have. A similar detailed analysis for the case of chaotic inflation potentials was performed in [23] . For the potential of Eq. (27) , the slow-roll parameters are equal to,
So let us now investigate what will happen if t f = t s . Under the slow-roll approximation, inflation will actually end, when the scalar field acquires it's final value ϕ f , at which the slow-roll parameter ǫ(ϕ f ) (or η(ϕ))) will be of the order ǫ(ϕ f ) ∼ 1. From Eq. (46), this would imply for ϕ f that,
In order to have a clear picture for the ending of inflation, we shall express the slow-roll parameters as a function of the number of e-folds until the end of inflation, which is defined to be equal to,
and for the Hubble rate given in Eq. (31), this is equal to,
which is clearly divergent for t f = t s , if n > 2. Recall that the e-folding number is constructed in such a way so that, when inflation ends, it has to be exactly equal to zero, with it's value increasing as ϕ tends to it's initial value ϕ i . Therefore, we find a first point of inconsistency caused for some values of n. Recall from our previous classification of singularities that the n > 2 case corresponds to the Big Rip singularity, so in the case of a Big Rip singularity, we come across to a severe divergence of the e-folding number. So the Big Rip case is an idiomorphic case to be excluded from our study, at least when case 2 is considered. Therefore, in the following we shall assume that n < 2, at least in the context of case 2.
In the slow-roll approximation, the e-folding number N , may be approximated by the following relation [1, 17, 23] ,
which for the scalar potential of Eq. (28), reads,
Substituting the value of ϕ f from Eq. (47) in the above equation, the e-folding number becomes,
so by solving the above equation with respect to t s − ϕ we obtain,
We can substitute t s − ϕ appearing in Eq. (53), to the slow-roll parameters of Eq. (46), and finally we will have the slow-roll parameters as functions of the e-folding number for the whole inflationary era. By doing that we obtain,
Observational Indices Spectral Index n s Tensor-to-Scalar ratio r Running of Spectral Index a s N = 50, n = 1.9 n s ≃ 0.961367 r ≃ 0.15057 Values of the spectral index of primordial curvature perturbations ns, the associated running of the spectral index as and of the scalar-to-tensor ratio r, for various values of the e-folding number N and of the parameter n, for the case that the singularity occurs exactly at the end of inflation (Case 2). As it can be seen, the Type IV singularity gives results that are compatible to BICEP2 and Planck data, when the spectral index ns and the scalar-to-tensor ratio r is considered so that finally, the observational indices read,
Having these at hand, we can promptly examine which values of n, are ruled out by observations, by taking the efolding number to be N = 60, N = 50 or N = 54. By looking at the Table I , it is obvious that, for (N, n) = (50, 1.382), (N, n) = (54, 1.48) and (N, n) = (54, 1.8), the results are compatible with the BICEP2 observational data, with regards to the spectral index n s and the scalar-to-tensor ratio r. However, in all the cases, the running of the spectral index is smaller than the Planck one. For (N, n) = (50, 1.382) and (N, n) = (54, 1.48), the spectral index n s and the ratio r are compatible to the Planck observational data. Recall that when 1 < n < 2, the physical system develops a Type IV singularity and by looking Table I , it is obvious that, if inflation ends at a Type IV singularity, the results can be compatible to the Planck and BICEP2 observational data. Now we consider case 3, in which case t s is considered to occur much more later than the inflation ending time t f , that is, t s ≫ t f . Then, contrary to case 2, there is no inconsistency in the definition of the e-folding number in Eq. (49), since it is always finite, and in addition it is equal to zero when inflation ends, as it should be. So practically all the values of n are allowed and all singularities may occur at late times, with no inconsistency. Let us see how the observational indices change in this case. Following the lines of research of our previous analysis, in the slow-roll approximation, inflation ends at, ǫ(ϕ f ) ∼ 1, so in this case we have,
so in the slow-roll approximation, by substituting ϕ f from Eq. (56), the e-folding number N reads,
and by solving with respect to ϕ, we get,
Substituting the above expression in Eq. (46), we obtain the slow-roll parameters, with ǫ being equal to,
Accordingly, η is equal to,
while, ξ 2 reads,
Having the slow-roll indices at hand, we can promptly calculate the observational indices, which are,
The above expressions are quite complicated, but can be simplified if certain assumptions hold true. It is quite natural to assume that t s is a quite large number, so that the singularity occurs much more later than the present time. But even if we choose t s to be equal to the present age of the Universe, t s is quite large, so let t s = 6.636 × 10 51 GeV −1 , which is the present age of the Universe. In addition, κ = 8πG = 2.0944×10 −18 GeV −1 , with G, Newton's gravitational constant. So obviously, the term 2κ
dominates (it is of the order 10 68 ) in all relations of Eq. (62), so the observational indices may be simplified as follows,
with a s > 0. Therefore, the Planck constraints are not satisfied, when the spectral index n s and the running of the spectral index a s are taken into account. Now a question rises, what if the time that the singularity occurs, occurred in the past, but after inflation? In that case, it is possible that the observational constraints are satisfied, for example, if t s ∼ 2t f , that is, the singularity occurs after the end of inflation, for (N, n) = (55, 1.55), we get, n s ≃ 0.967953 and r ≃ 0.108352, which are compatible with Planck and BICEP2 results.
In conclusion, we can say that the Type IV singularity offers a good phenomenology, since in all the cases that n contributes in the resulting expressions of the observational indices, some of the values with 1 < n < 2, result to observational indices compatible with observations. Coming back to the paradigms for the functions f 1 (t) and f 2 (t), instead of choosing (24), we may choose,
where it is assumed that f1 t0 ≫ f 0 > 0 and also that f 2 is small enough. Then, the behavior of the early time is not different from that given in Eq. (24) and we find H ∼ f1 t0 but even at late time (t → ∞), the Hubble rate becomes a constant H ∼ f 0 , which may describe the dark energy in the present Universe. Then the model unifies inflation in the early Universe with the accelerating expansion in the present Universe. If we choose t 0 large enough, the Type IV singularity may occur in the Universe where the dark energy dominates.
We now study the effective equation of state (EoS) parameter w eff , which is equal to,
This parameter will reveal whether the scalar field will go to phantom or not, during the process of cosmological evolution. We shall be mainly interested for the model with Hubble rate given in Eq. (13), with f 1 (t) = 0 and f 2 (t) = f 0 > 0. For this Hubble parameter, the EoS parameter reads,
Obviously, the EoS parameter can be singular if α > −1, and in the converse case it is non-singular. Let us investigate if the EoS evolves to phantom or not. When α < −1 and since f 0 > 0, the sign of the fraction appearing in Eq. (66) is determined by the actual value of −α − 1, for t > t s . We shall consider cosmological times after the singularity, that is, t > t s and in addition, α is assumed to be of the form given in Eq. (14), with n an even integer. Then, when t > t s , and regardless if α > −1 or α < −1, the EoS describes an quintessence accelerating Universe, since, the EoS is always w eff > −1. In the case that α < −1, the EoS is regular at t = t s , while for α > −1, it is always singular. Let us make contact with the singularity study we performed earlier. When α > −1, the EoS is always singular at the transition point t = t s . For a cosmological time with t > t s , then the EoS is w eff > −1, so non-phantom, quintessence acceleration occurs. Notice that when α > 1, the singularity is Type IV, so the fact that the EoS is always w eff > −1, has very appealing physical consequences, as we will demonstrate shortly.
In conclusion, the EoS of state analysis revealed a physically appealing case which occurs when t s is considered to be an early time in the evolution of the Universe. Consequently, a natural question to ask is, is it possible for inflation to end at this Type IV time and more generally, when does inflation ends. As we explicitly demonstrated earlier, if inflation ends exactly at a Type IV singularity, which occurs at t = t s , it may be possible for the theory to be compatible with the observations. Having these issues in mind, we now perform a qualitative analysis of the inflation ending time. A similar analysis on the inflation ending was performed in [15] . Practically, inflation ends whenä = 0. For the Hubble parameter (13) , the scale factor a(t) reads,
and therefore,ä reads,ä
which can be recast as follows,
Therefore, when α < 1, the parameterä never vanishes and is always singular, while for α > 1, it vanishes in two points, namely,
Notice that for α > 1 the physical system of the scalar field develops a Type IV singularity, as we demonstrated earlier. Let us elaborate on these cases, to see the physical consequences these bring along. For the case α > 1, if inflation ends at t = t s , the physical system has a Type IV singularity and a singular w eff at t = t s , with inflation ending at t = t s , if t s is considered to occur early enough. A more interesting case occurs if t s is considered to occur at late times, and inflation ends at a time t e , with t e ,
This can be true if f 0 ≫ α. In this case, inflation ends at t e , which might be quite earlier than t s , and at t s the Universe experiences a Type IV singularity. Interestingly enough, if inflation ends at the Type IV singularity solution t = t s given in Eq. (70), which occurs if α > 1, then after t > t s , the effective equation of state describes quintessence acceleration. We have to mention, however, that, if we include quantum effects, the vacuum might acquire higher energy and consequently, inflation might occur again. So the analysis we performed is valid at a classical level, and in order to avoid such issues which originate from the quantum fluctuations of the scalar field, the hybrid inflation scenario has to be used [15] . For the hybrid inflation consequences, the reader is referred to Ref. [15] , where this issue has been studied in detail.
Before closing this section, we shall briefly mention how the presence of perfect matter fluids affects the cosmological singularities of the physical system that consists of a scalar field with Hubble rate given in Eq. (13) . In this case, the scalar field potential and ω(ϕ) become [15] ,
where F 0 an integration constant and F ′ (φ) = f (φ). From Eq. (72) it easily follows that the exponential in both V (φ) and ω(φ), has a milder singularity structure, in comparison to the rest singular terms, for the Hubble parameter given by Eq. (13) . Consequently, the same analysis we performed previously applies and in addition notice that the potential is not of a power law type, therefore it deviates from our primary motivation for our study, which is power-law potentials, so we omit this study for brevity. A detailed analysis on this issue was performed in Ref. [15] .
II. UNIFICATION OF TYPE IV-SINGULAR INFLATION WITH DE SITTER DARK ENERGY EPOCH LEADING TO A TYPE IV FUTURE SINGULARITY
As we already mentioned in the introduction, it is possible that the Universe may have passed from a Type IV singularity between the singular inflation era and the ΛCDM epoch. In addition, in the context of unified inflationdark energy models given in Ref. [13] , it is possible to have a future singularity of Type II, III or IV, because of the epoch of singular inflation, and in effect we may have a de Sitter-like or pure ΛCDM dark energy era. In view of these evolutionary aspects, in this section we shall provide an example, in which, we may have a unified description of singular inflation and quintessential dark energy epoch, leading to a Type IV singularity. The model we shall present is particularly fine-tuned to realize this scenario, nevertheless it is an example of a scalar-tensor theory leading to singular inflation and quintessential type of dark energy with a Type IV singularity at finite time. For a recent scenario in the spirit of ours, see [24] .
We shall assume that the function f (φ), defined in Eq. (10), is equal to,
where g is an arbitrary constant. In addition, we impose the condition that the physical system of the scalar field described by Eq. (73), experiences a Type IV singularity at the time t f which is considered to occur at the end, or right after the inflationary era. In addition, it is also required that the Universe experiences an additional Type IV singularity at the time t s , which is considered to occur much more later than the present time, which we denote t p . So in effect, we have the following conditions,
Thus the model (73) describes singular inflation plus a dark energy era, which we now study in detail. Since, the two singularities that occur are of Type IV, the parameters a and b must satisfy the following constraints,
and also we shall assume that a and b are integers. Using the reconstruction method of the previous section, the kinetic function ω(φ) and the scalar potential V (φ) of the corresponding scalar-tensor theory are,
while the corresponding EoS defined in Eq. (65), is equal to,
Let us consider the case that α is equal to,
thus it is an odd integer. Near the Type IV singularity at t ∼ t f , the EoS (77) behaves as follows,
since the following two terms vanish when t ∼ t f ,
since α > 1. The expression given in Eq. (79) can be further simplified, by considering the fact that t ≪ t s , when t ∼ t f , and also that β > 1, in conjunction with the fact that −t + t s ≃ t s ≫ 1. So eventually, Eq. (79) can be rewritten as follows,
Notice the term appearing in the numerator of the fraction in Eq. (81). This term is negative, because t s ≫ t and β > 1. Therefore, the EoS of state is w eff > −1, for t ∼ t f , which describes quintessential acceleration. We now proceed to examine the behavior of the EoS for cosmic times corresponding to present time t p . So for t ∼ t p , since t ≫ t f , and owing to α being equal to an odd integer (78), the following two terms appearing in Eq. (77) can be approximated as follows,
where we used the fact that since a is odd integer (α > 1), α − 1 is even. Thus, the EoS can be written,
which describes quintessential acceleration. By taking into account that we assumed t s ≫ t p and also that t is of the order t ∼ t p , the equation above can be further simplified, to the following expression,
where we have set,
By choosing g ≫ 1 and since t s ≫ 1, in conjunction to the fact that β > 1, the constant parameter is approximately zero, Λ 1 ≃ 0, and therefore the EoS becomes nearly w eff ≃ −1, which is de Sitter acceleration. Notice that since we assumed t ∼ t p , with t p corresponding to present time, this era is the dark energy, late time era. So it is possible to end up to a de Sitter dark energy era. Coming back to Eq. (77), let us study how the EoS behaves near the future Type IV singularity that occurs for cosmic times of the order t ∼ t s . Owing to the fact that t ∼ t s and also since t ≫ t f , Eq. (77) can be approximated as follows,
since for t ∼ t s the following term vanishes,
Owing to the fact that, for an odd α, we have (−t) α−1 = t α−1 , the second term in Eq. (86) vanishes, so the EoS is approximately equal to w eff ≃ −1. Consequently, near the Type IV singularity, the Universe accelerates in a nearly de Sitter way. In principle, the Universe could survive the future Type IV singularity, so we could also study the behavior after the future singularity, but we omit this, for brevity. We only highlight the possibility that the Universe, after the future Type IV singularity can evolve to phantom acceleration, if β is equal to some even integer (which would imply that β − 1 is an odd integer). Indeed, the corresponding EoS, which for t > t s is equal to,
which is w eff < −1, since for t > t s and with β − 1 being an odd integer, the following holds true,
Recall that we assumed α = 2m + 1, and this was the most physically appealing case. The other case, α = 2m yields similar results, but there is no possibility to have de Sitter dark energy, so we omit it for brevity, since the analysis is the same as in the case we just studied. Therefore, in this section we presented a scalar-tensor model, according to which, the Universe experiences the following:
• A Type IV singular inflation
• Possible quintessential or approximately de Sitter dark energy era
• A future Type IV singularity after the dark energy era
There are more possibilities to study, in the context of this model, for example if someone assumes that the future Type IV singularity occurs near the present time, that is t p ≃ t s . Also it would be interesting to find a pure modified gravity description with this type of behavior. We hope to address these issues in a future work.
III. F (R)-GRAVITY ANALYSIS
Having provided a quantitative analysis of the singularity structure in the context of singular inflation, with special emphasis in the Type IV singularity, we now study how the physical system under study can be generated by an F (R) gravity. Particularly, we shall be interested in which F (R) gravity generates the Type IV singularity, that is, how the F (R) gravity behaves near the Type IV singularity. For a similar approach to our reconstruction study, see Ref. [25] . Note that we can equivalently assume that the singularity occurs at the end or after inflation, or even at late times, since our approach is based on the existence of the Type IV singularity and also works as the cosmic time approaches the finite time where the singularity occurs. Therefore, having the Jordan frame F (R) gravity at hand, we can calculate the inflationary parameters to check the viability of the F (R) gravity, but we defer this to a future work. Before we start off, it is worth describing in brief the underlying theoretical framework. For reviews and important papers on the subject, the reader is referred to [16, 26] . The general F (R) gravity action, with matter fluids present, is given by,
where κ 2 = 8πG and in addition, S m describes the matter fluids action. We shall adopt the metric formalism approach [16] , in the context of which, by varying the action with respect to the metric g µν , we obtain the following equations of motion,
with the prime denoting in this case differentiation with respect to the Ricci scalar R and moreover, T µν stands for the energy momentum tensor corresponding to the matter fields. In the F (R) modified case, the energy momentum tensor receives an extra contribution originating from the F (R) gravitational sector, with this addition being the feature that renders F (R) gravity a modified version of ordinary Einstein-Hilbert gravity. This additional contribution to the energy momentum tensor is equal to,
Finally, in all the following sections, we shall assume a flat FRW metric of the form given in Eq. (3), in which case the Ricci scalar is given by,
Before providing a full quantitative description of the F (R) gravity near the singularity, we shall give a qualitative description of how the F (R) gravity behaves near the singularity. We assume that the F (R) gravity is of the form,
where F 0 and F 1 are constants, with F 0 an arbitrary constant, allowed to be even zero, but F 1 is constrained to be non-zero, that is, F 1 = 0. Then by using the trace part of the F (R) equation,
we obtain the following relation,
Then in the FRW background (3), the Hubble rate H behaves as follows,
where h 0 and β are constants. Consequently, the scalar curvature R = 6Ḣ + 12H 2 behaves as follows,
According to Eqs. (97) and (98), it easily follows that the β ≥ 1 case corresponds to the Type I (Big Rip) singularity in [10, 12] , and the 1 > β > 0 case corresponds to Type III singularity. Moreover the 0 > β > −1 case corresponds to Type II while when β < −1 (but β = integer) we have a Type IV singularity. We now proceed to the detailed description of the F (R) gravity near the Type IV singularity of Eq. (13), by using the reconstruction techniques that were firstly developed in [27] [28] [29] . What we are mainly interested in, is to find which F (R) gravity exactly generates the Hubble rate (13), for f 1 (t) = 0 and f 2 (t) = f 0 , as t tends to t s . Notice that as t → t s , then t − t s → 0. The action of a general F (R) gravity, in the absence of matter fluids, is equal to,
By varying the above action with respect to the metric, we obtain the first FRW metric which is equal to,
Using an auxiliary scalar field φ, the F (R) gravity action given in Eq. (99) can be written in the following way,
The main goal of the reconstruction technique is to find the exact form of the functions P (φ) and Q(φ), which depend explicitly on the auxiliary scalar field. Particularly, if these functions are expressed as implicit functions of the Ricci scalar, the F (R) gravity will follow easily. In order to find these, we shall use the fact that the auxiliary scalar field φ is a dynamical (meaning that it depends on time) degree of freedom, auxiliary because it has not kinetic term. Then, by varying the auxiliary field modified action of Eq. (101) with respect to this auxiliary degree of freedom, we get the following algebraic equation,
with the prime this time denoting differentiation with respect to φ. If this equation can be solved explicitly with respect to the auxiliary field φ, will yield the function φ(R). Correspondingly, the F (R) gravity can easily be obtained by making use of φ(R) and substituting this to the auxiliary F (R) action of Eq. (101), and we finally get,
Hence, what we need to do is to find the functions P (φ) and Q(φ), given the Hubble rate,
In order to find the functions P (φ) and Q(φ), we vary the action (101) with respect to the metric tensor, and by using a flat FRW metric, we obtain the following differential equation,
By eliminating Q(φ(t)) from Eq. (105) we obtain,
Therefore, by solving Eq. (106) with respect to P (t), we obtain the explicit form of P (t), given the Hubble rate. Accordingly, we easily find the function Q(t), by using the first equation of Eq. (105). Notice the interplay of the variables φ and t, as they appear in the previous equations. As is explicitly proven in Ref. [27] , owing to the mathematical equivalence of the F (R) action (99) and the auxiliary F (R) action (101), the scalar field is identical to the cosmic time t, that is φ = t. Using this technique, substituting the Hubble rate (104) in Eq. (106), we get the following differential equation,
By setting x = −t + t s , Eq. (107) can be written in the following way,
This differential equation can be easily solved analytically by substituting z = x α+1 , in which case the differential equation becomes,
with general solution,
ln(z)−zf 0 1+α
where the parameters n and m are equal to,
also C 1 , C 2 are arbitrary constants and finally U (a, b, z) and L m n (z) are the confluent Hypergeometric function and the generalized Laguerre polynomial respectively. By substituting again z = x α+1 we get,
ln(x α+1 )−x α+1 f 0 1+α
Having at hand P (x), we can easily compute Q(x), which reads,
with n 1 , m 1 being equal to,
while n 2 and m 2 are equal to,
Substituting P (x) and Q(x) from Eqs. (112) and (113) in Eq. (102) and solving with respect to x, one can in principle derive the final form of the function x(R). This task, however, is rather formidable, owing to the complex structure of the functions P (x) and Q(x). In order to obtain an approximate form of the resulting F (R) gravity, we shall exploit the fact that we are interested to know the F (R) gravity near the Type IV singularity, so this means that x → 0. We therefore expand P ′ (x) and Q ′ (x) in small powers of x, and by keeping dominant terms (recall that α > 1 in order a Type IV singularity occurs), the resulting expansion of P (x) reads,
with the parameter A being equal to,
Moreover, the function Q(x) for small values of the argument x can be approximated as,
with the parameters B and C being equal to,
Substituting Eqs. (117) and (119) in Eq. (102), we finally get,
Finally, by substituting (121) in Eq. (103), we obtain the final form of the F (R) gravity that generates the Type IV singularity, which is,
Notice that this F (R) gravity can be brought to a form of Einstein-Hilbert gravity plus curvature corrections, if the free parameter C 1 is chosen appropriately. Indeed, if,
which can be true if C 1 is equal to,
then, the F (R) gravity is,
Thus, the resulting F (R) gravity near the Type IV singularity can be brought to an Einstein-Hilbert form, plus curvature corrections and cosmological constant. Notice that the final form of the F (R) gravity near the singularity is of the form (94), that is, of polynomial type. Actually, the form of F (R) gravity is a nearly R 2 gravity plus cosmological constant, when
In order to see this, we change the notation of the coefficients in Eq. (125) as follows,
By doing so, the Jordan frame F (R) gravity takes the following form,
This Jordan frame theory is equivalent to a variant of the Starobinsky model [21] in the Einstein frame. The pure Jordan frame F (R) gravity is of the form,
Starting from action (128), and by introducing the auxiliary field A, the action (128) can be cast in the following form,
By varying (129) with respect to the auxiliary field A, we easily obtain the solution A = R, and consequently this verifies the mathematical equivalence of the actions (128) and (129). We can be transferred to the Einstein frame by making the canonical transformation,
where ϕ is the canonical Einstein frame scalar field (or inflaton field). By conformally transforming the Jordan frame metric,
with the "hat" denoting the Jordan frame metric, we get the Einstein frame canonical scalar field action,
The scalar potential V (ϕ), which is a function of the canonical scalar field ϕ is equal to,
Upon using the form of the Jordan frame F (R) gravity (127), the scalar potential of Eq. (133) becomes [22] ,
with the coefficients C 1 and C 2 standing for,
The scalar potential (134) describes a nearly Starobinsky Einstein frame canonical scalar theory. If the coefficient C 2 is equal to C 0 , then the potential (134) becomes exactly the Einstein frame Starobinsky model, namely,
IV. IMPACT OF TYPE IV AND FINITE TIME SINGULARITIES ON SCALAR PERTURBATIVE MODES
In this section we shall briefly discuss the impact of finite time singularities on the power spectrum of perturbed modes, with special emphasis to the Type IV singularities. A thorough analysis on this issue however was presented in [30] , with regards to the classical stability of sudden singularities. In addition, in [30] the Big Rip case was also extensively discussed. Notice that the Type IV singularity falls in the category of some sudden singularities and before we proceed to a qualitative analysis of the model we studied in this paper, it is worth outlining the most important results of [30] . For details on this important issue, the reader is referred to [30] and related references therein. As was shown in [30] , if a(t) ∼ (t s − t) λ , the energy density and pressure are equal to ρ ∼ (t s − t) 2λ−2 and p ∼ (t s − t) λ−2 . Then if λ > 1 and if λ is a non-integer number, all the scalar metric perturbations are bounded. Let us make some correspondence of the finite time singularities with sudden singularities. The case 1 < λ < 2 describes the Type II singularity, so the results of [30] indicate that singularities like Type II or milder can provide us with bounded scalar metric perturbations. Actually, the Type IV singularity is milder than the Type II, so it is expected that the scalar metric perturbations are bounded in the Type IV case too. In the rest of this section we shall perform a brief qualitative analysis for the case at hand, with special emphasis to the long-wavelength modes and for a Type IV singularity.
A. Long-wavelength solutions during and after inflation: The Type IV case
As is very well known [1, 31, 32] , the quantum fields which are present during the primordial acceleration of the Universe, experience quantum mechanical fluctuations. These primordial fluctuations could serve as a very crucial observational feature and a test of any potentially viable cosmological theory. This is owing to the fact that the primordial perturbations could have a direct impact on the present epoch Universe's large scale structure. In principle, the kinetic energy of the scalar fields is responsible for the generation of a density distribution at a given spacelike hypersurface, during the primordial acceleration. The perturbations of this density distribution are responsible, to a great extent, for the large scale structure in the Universe, materialized by gravitational instabilities.
Consider a homogeneous, isotropic and spatially flat Universe. The quantity that the determines the scale that within it causal physical processes can be materialized, is the sound Hubble radius c s H −1 , where H is the Hubble rate. The parameter c s stands for the sound speed, which for a canonical scalar field c s = 1 (this corresponds to the case we study in this paper). The sound Hubble radius plays a crucial role towards the understanding of the way that the spectrum of primordial perturbations is actually generated. Another physically important quantity is the fraction k/aH, with a the scale factor and k the wavenumber. As the primordial acceleration occurs, the scale factor increases rapidly, and consequently the comoving Hubble radius (Ha) −1 , decreases. During the same epoch, the perturbation's physical length , satisfies the relation a/k ≪ c s H −1 . The latter relation is very important since this actually determines the way that the scalar modes are evolving. We shall quantify this evolution later in this section, but let us qualitatively analyze what is the meaning of this. Practically, the relation a/k ≪ c s H −1 indicates that the physical scales grow more quickly in comparison to the Hubble sound radius and in effect, the scalar modes we study, begin their evolution within the horizon c s H −1 . In the process of the accelerating expansion, the perturbation modes (scalar field quantum fluctuations), become larger more quickly than the sound Hubble radius. Consequently at some point it passes out of the horizon, so it freezes out. This freezing has a direct impact on the scale dependence of the scalar perturbations, at the time this freezing occurs, which is when the Hubble sound horizon is crossed. Practically, the modes at that point enter the long-wavelength limit aH ≫ c s k. In the context of this approximation, what plays a crucial role for the determination of the scale dependence, is the equation of state of the matter fluids present at moment of the horizon crossing, which can occur for example during the matter or during the post recombination era. In the following we are not interested in determining the evolution of the mode per se, for a specific matter fluid present, but our aim is to study the effect of a Type IV singularity on the evolution of a long-wavelength frozen mode, with emphasis to the question whether the modes are bounded or not.
Assume that the singularity appears at the end of inflation, so t s indicates the time that inflation ends. The scale factor corresponding to the Hubble rate of Eq. (13), with f 1 (t) = 0 and f 2 (t) = f 0 , namely H(t) = f 0 (t s − t) α , is equal to,
What is the main focus in this section is to study the behavior of the scalar perturbations during and after the inflationary era and qualitatively check whether the existence of a Type IV singularity at the end of the inflationary era affects the spectrum of primordial scalar perturbations. The perturbed metric that will yield the scalar perturbations, is of the following form,
where φ and ψ quantify the metric perturbation. Notice that in order to obtain the scalar field perturbation, we also perturb the canonical scalar field ϕ, in the following way, ϕ(t, x) ′ =φ + δϕ(t, x). Note that x denotes all the space coordinates andφ denotes a homogeneous scalar field. Since at first order in perturbation theory, φ = ψ, in order to obtain the metric perturbations only, we are left practically with two variables, the variable φ and the inflaton variation δϕ, which are related through the Einstein equations. It can be shown [31] that the equation which describes the evolution of one scalar mode φ k , with wavenumber k, takes the following form,
with a(t) being the scale factor. We shall be interested in the long-wavelength solutions of this equation, which corresponds to the case aH ≫ c s k. Since the speed of sound for a canonical scalar field is equal to one, the limiting case at hand corresponds to wavelengths with aH ≫ k. It is possible to show that during any stage, the longwavelength (k → 0) analytic solution of Eq. (139) takes the following form,
with C 1 (k) the coefficient of the non-decaying modes, while C 2 (k), the coefficient of the decaying modes. Using the scale factor of Eq. (137), we easily obtain the following form of the long-wavelength mode φ k ,
It is obvious that the existence of a Type IV singularity does not cause any inconsistencies to the long-wavelength modes, with inconsistencies meaning any type of singular or abnormal behavior. Therefore we may conclude that the Type IV singularities are harmless. A qualitatively similar conclusion was derived in [8] (see also [30] ), with the corresponding transition to the standard cosmological model not affecting the power spectrum.
V. BRIEF DISCUSSION OF FINITE TIME SINGULARITIES AND THE GRACEFUL EXIT OF INFLATION
One of the most serious problems that the first models of inflation [33] were confronted with, was the exit from the inflationary era, a problem known as the graceful exit. Initially, in the context of the false vacuum theories of inflation, it was not possible to consistently describe a mechanism for the smooth transition of an inflationary Universe to the classical FRW expansion. This problem was solved in the new inflation theories [34, 35] , where the slow-roll approximation actually solved the problem of graceful exit. Indeed, if the inflaton scalar slowly rolls down the potential, towards the minimum of the potential, then inflation ends where the slow-roll approximation breaks down, and the field oscillates around the minimum of it's potential. In the case we studied in this paper, the canonical scalar field potential of Eq. (28) belongs to a class of potentials were slow-roll applies. Therefore, the graceful exit issues in our case is dealt within the context of power-law inflation models, which are in good agreement with observations [18] .
However, the exit of inflation in our case becomes a serious problem when the slow-roll approximation breaks down. As we demonstrated in a previous section, this is true when the Type IV singularity occurs during the inflationary era, since the slow-roll parameters become divergent. Also the e-folding number becomes divergent at the time the singularity occurs. Therefore, the problematic case is only when the singularity occurs during the inflationary era. If however the singularity occurs at the end or much later than the inflationary era, the slow-roll approximation is not violated and therefore the graceful exit can be dealt in the context of the power law models of inflation. If the singularity occurs much more later than the ending of inflation (even during the dark energy era), then slow-roll breaks when the inflationary indices become of order one, and the exit from inflation goes in the standard way, for example, the resulting de Sitter Universe becomes unstable and the exit is guaranteed.
Before we close this brief discussion, it is worth to note another quite physical appealing but exotic new possibility that a singularity during inflation might generate. As we demonstrated in the text, in the power-law models of inflation of the form (28) . when the singularity occurs during the inflationary era, the slow-roll approximation is violated in a violent way, since the slow-roll parameters become divergent and also the e-folding number it self becomes divergent. If however the violation of the slow-roll approximation is not divergent, this could be viewed as another mechanism for a graceful exit from inflation. So the appearance of a singularity during inflation could generate instability in the inflationary spacetime, and this could indicate a new mechanism for a consistent exit from inflation era. This is another view to the Type IV singularities and work is in progress towards this direction.
Conclusions
We have thoroughly examined the existence of classical finite time singularities in the context of scalar-tensor theories. Using a very generic behavior for the Hubble rate, we provided a quantitative description of all the finite time singularities of the physical system under study, with emphasis to the Type IV singularity. Particularly, with regards to the Type IV singularity, we investigated when this can occur and we also showed what is the impact of this singularity on the slow-roll inflation parameters. As we explicitly demonstrated, the presence of this type of singularity may have dramatic effects on the slow-roll parameters, rendering them singular, in the case that the singularity occurs during the inflationary era. After exemplifying our claims with illustrative examples, we studied the behavior of the effective equation of state parameter and in which cases, its value implies acceleration. In addition, we thoroughly examined all the cases at which the Universe might experience a finite time singularity, with the singularity being during, at the end, after inflation. In addition, we studied the case at which the singularity occurs much more later than inflation ends. The issue of when inflation classically ends was examined too. As we showed, in the case that a Type IV singularity is present, the results are of some interest, especially in the particular case that the time t s , at which the singularity occurs, is much more later in comparison to the time t e , at which inflation ends.
In the context of the above scenarios, the Universe experiences a Type IV singularity at finite time t s . Interestingly enough, the Type IV singularity is not a crushing singularity, such as the Big Rip singularity is for example. This means that at that point, extensibility and geodesic incompleteness do not necessarily occur. With regards to this, the nature of the Type IV singularity needs yet to be understood at a fundamental level. Usually in nature, non extensible singularities are protected, as in the case of spacetime singularities in black holes which are dressed with the horizons of black holes. So having at large scales undressed, naked, crushing singularities, is a rather inconvenient feature of classical cosmological theories. Perhaps the crushing singularities occur as a result of our classical approach and maybe it is the signal that a quantum gravitational description is needed to amend these issues in a concrete way. In fact, in the context of loop quantum gravity, initial crushing singularities do not occur, see for example [36] . However, the Type IV singularity is not a severe spacetime singularity, so it is of critical importance to find a consistent explanation for the occurrence of unbounded values of the higher derivatives of the Hubble rate, an also critically examine if this feature can be considered harmful for the theory itself. A first step towards this direction was attempted in this paper, where we showed that if the Type IV singularity occurs during inflation, this can be catastrophic for the slow-roll parameters and the corresponding observational indices. But if this Type IV singularity occurs at the end, or right after the end of inflation, compatibility with the observational data can be achieved to some extent.
Another feature that has to be addressed, in the context of finite time singularities, is the issue of including quantum corrections, in the spirit of Ref. [9] . For the case of the Type IV singularity, quantum effects would be negligible, owing to the fact that the curvature is not growing significantly there. However, the quantum effect of conformal matter around the Type I, II and Type III singularities should be taken into account. As was shown in [9] , the singularity structure gets milder in the presence of quantum corrections, so the same is expected in the present case too.
Finally a comment is in order. Having the possibility of a singular inflation, makes in some way the need for more accurate observational data more compelling. This is due to the fact that in this way, the various choices of a consistent theoretical description of inflation will eventually be narrowed down. With the present paper, we have excluded scalar-tensor models which cause a Type IV singularity during inflation, since these would be in conflict with current observational data, and also we have set the stage for new investigations towards this line of research. Therefore, in the absence of an ultimate theory of quantum gravity that will explain all the singularity issues, even a better understanding of non-crushing singularities, like the Type IV one, is of critical importance.
